In this paper, we investigate the mean curvature flows having an equifocal submanifold in a symmetric space of compact type and its focal submanifolds as initial data. The investigation is performed by investigating the lifts of the submanifolds and the flows to an (infinite dimensional separable) Hilbert space through a Riemannian submersion of the Hilbert space onto the symmetric space.
Introduction
The mean curvature flow of a (Riemannian) submanifold f 0 : M ֒→ N is a map f : M × [0, ∞) → N such that, for each t ∈ [0, T ), f t : M → N (⇔ def f t (x) = f (x, t) (x ∈ M )) is an immersion and f * (( ∂ ∂t ) (x,t) ) is the mean curvature vector of f t : M ֒→ N , where T is a positive constant or T = ∞ and (t) is the natural coordinate of [0, T ). Liu-Terng [LT] investigated the mean curvature flow having isoparametric submanifolds (or their focal submanifolds) in a Euclidean space as initial data and obtained the following facts. Fact 2( [LT] ). Let M and C be as in Fact 1 and σ be a stratum of dimension greater than zero of ∂C. Then the following statements (i) and (ii) hold:
Fact 1([LT]). Let M be a compact isoparametric submanifold in a Euclidean space and C be the Weyl domain of M at x 0 (∈ M ). Then the following statements (i)
(i) For any focal submanifold F (of M ) through σ, the maen curvature flow F t having F as initial data converges to a focal submanifold F ′ (of M ) through ∂σ in finite time. If the fibration of F onto F ′ is spherical, then the mean curvature flow F t has type I singularity.
(ii) For any focal submanifold F (of M ) through ∂σ, there exists a focal submanifold F ′ (of M ) through σ such that the mean curvature flow F ′ t having F ′ as initial data converges to F in finite time.
As a generalized notion of compact isoparametric hypersurfaces in a sphere and a hyperbolic space, and a compact isoparametric submanifolds in a Euclidean space, Terng-Thorbergsson [TT] defined the notion of an equifocal submanifold in a symmetric space as a compact submanifold M satisfying the following three conditions: (i) the normal holonomy group of M is trivial, (ii) M has a flat section, that is, for each x ∈ M , Σ x := exp ⊥ (T ⊥ x M ) is totally geodesic and the induced metric on Σ x is flat, where T ⊥ x M is the normal space of M at x and exp ⊥ is the normal exponential map of M .
(iii) for each parallel normal vector field v of M , the focal radii of M along the normal geodesic γ vx (with γ ′ vx (0) = v x ) are independent of the choice of x ∈ M , where γ ′ vx (0) is the velocity vector of γ vx at 0. On the other hand, Heintze-Liu-Olmos [HLO] defined the notion of an isoparametric submanifold with flat section in a general Riemannian manifold as a submanifold M satisfying the above condition (i) and the following conditions (ii ′ ) and (iii ′ ):
(ii ′ ) for each x ∈ M , there exists a neighborhood U x of the zero vector (of T ⊥ x M ) in T ⊥ x M such that Σ x := exp ⊥ (U x ) is totally geodesic and the induced metric on Σ x is flat, (iii ′ ) sufficiently close parallel submanifolds of M are CMC with respect to the radial direction.
In the case where the ambient space is a symmetric space G/K of compact type, they showed that the notion of an isoparametric submanifold with flat section coincides with that of an equifocal submanifold. The proof was performed by investigating its lift to H 0 ([0, 1], g) through a Riemannian submersion π • φ, where π is the natural projection of G onto G/K and φ is the parallel transport map for G (which is a Riemannian submersion of H 0 ([0, 1], g) onto G (g :the Lie algebra of G)). Let M be an equifocal submanifold in G/K and v be a parallel normal vector field of M . The end-point map η v (: M → G/K) for v is defined by η v (x) = exp ⊥ (v x ) (x ∈ M ). Set M v := η v (M ). We call M v a parallel submanifold of M when dim M v = dim M and a focal submanifold of M when dim M v < dim M . The parallel submanifolds of M are equifocal. Let f : M × [0, T ) → G/K be the mean curvature flow having M as initial data. Then, it is shown that, for each t ∈ [0, T ), f t : M ֒→ G/K is a parallel submanifold of M and hence it is equifocal (see Lemma 3.1). Fix x 0 ∈ M . Let C (⊂ T ⊥ x 0 M ) be the fundamental domain containing the zero vector (of T ⊥ x 0 M ) of the Coxeter group (which acts on T ⊥ x 0 M ) of M at x 0 and set C := exp ⊥ ( C), where we note that exp ⊥ | e C is a diffeomorphism onto C. Without loss of generality, we may assume that G is simply connected. Set M := (π • φ) −1 (M ), which is an isoparametric submanifold in H 0 ([0, 1], g). Fix u 0 ∈ (π • φ) −1 (x 0 ). The normal space T ⊥ x 0 M is identified with the normal space T ⊥ u 0 M of M at u 0 through (π • φ) * u 0 . Each parallel submanifold of M intersects with C at the only point and each focal submanifold of M intersects with ∂C at the only point, where ∂C is the boundary of C. Hence, for the mean curvature flow f : M × [0, T ) → G/K having M as initial data, each M t (:= f t (M )) intersects with C at the only point. Denote by x(t) this intersection point and define u :
is the mean curvature flow having M as initial data because the mean curvature vector of M t is the horizontal lift of that of M t through π • φ. By investigating u : [0, T ) → T ⊥ u 0 M , we obtain the following fact corresponding to the second-half part of (i) and (ii) of Fact 1. For an equifocal submanifold in a symmetric space of compact type, the firsthalf part of the statement (i) of Facts 1 and 2 do not hold. In fact, there exist Hermann actions admitting a minimal principal orbit (which is equifocal) and a minimal singular orbit (which is a focal submanifold of a principal orbit). So the following question arises naturally.
Question. Let M and σ be as in Theorem B and F be a focal submanifold of M through σ.
(i) Does the mean curvature flow having M as initial data converge to a focal submanifold of M in finite time in the case where M is not minimal ?
(ii) Does the mean curvature flow having F as initial data converge to a focal submanifold of F through ∂σ in finite time in the case where F is not minimal ?
According to the homogeneity theorem for an equifocal submanifold by Christ [Ch] , all irreducible equifocal submanifolds of codimension greater than one in symmetric spaces of compact type are homogeneous. Hence, according to the result by Heintze-Palais-Terng-Thorbergsson [HPTT] , they are principal orbits of hyperpolar actions. Furthermore, according to the classification by Kollross [Kol] of hyperpolar actions on irreducible symmetric spaces of compact type, all hyperpolar actions of cohomogeneity greater than one on the symmetric spaces are Hermann actions. Therefore, all equifocal submanifolds of codimension greater than one in irreducible symmetric spaces of compact type are principal orbits of Hermann actions. In the last section, we describe explicitly the mean curvature flows having orbits of some Hermann actions as initial data.
Preliminaries
In this section, we briefly review the quantities associated with an isoparametric submanifold in an (infinite dimensional separable) Hilbert space, which was introduced by Terng [T2] . Let M be an isoparametric submanifold in a Hilbert space V .
2.1. Principal curvatures, curvature normals and curvature distributions Let E 0 and E i (i ∈ I) be all the curvature distributions of M , where E 0 is defined by (E 0 
id holds for any x ∈ M and any v ∈ T ⊥ x M , and n i be the curvature normal corresponding to λ i , that is, λ i (·) = n i , · .
The Coxeter group associated with an isoparametric submanifold
Denote by l
is called a focal hyperplane of M at x. Let W be the group generated by the reflection R x i 's (i ∈ I) with respect to l x i . This group is independent of the choice x of M up to group isomorphism. This group is called the Coxeter group associated with M . The fundamental domain of the Coxeter group containing the zero vector of 
Principal curvatures of parallel submanifolds
are the principal curvatures of M v and hence
2.4. The mean curvature vector of a regularizable submanifold Assume that M is regularizable in sense of [HLO] , that is, for each normal vector v of M , the regularizable trace Tr r A v and Tr A 2 v exist, where Tr r A v is defined by Tr r A v :=
Let M be an equifocal submanifold in a symmetric space G/K of compact type and set M := (π • φ) −1 (M ), where π is the natural projection of G onto G/K and φ : H 0 ([0, 1], g) → G is the parallel transport map for G.
2.5. The mean curvature vector of the lifted submanifold Denote by H (resp. H) the mean curvature vector of M (resp. M ). Then M is a regularizable isoparametric submanifold and H is equal to the horizontal lift of nH L of nH (n := dim M ) (see Lemma 5.2 of [HLO] ).
Proofs of Theorems A and B
In this section, we prove Theorem A. Let M be an equifocal submanifold in a symmetric space G/K of compact type, π : G → G/K be the natural projection and φ be the parallel transport map for G. 
, where w is the parallel normal vector field of M with w u 0 = w. Let ξ : (−S, T ) → C be the maximal integral curve of X with ξ(0) = 0. Note that S and T are possible be equal to ∞. Let ξ(t) be the parallel normal vector field of M with ξ(t) x 0 = ξ(t). Let M t (resp. M t ) be the mean curvature flow having M (resp. M ) as initial data.
Therefore, it follows from the arbitrariness of t 0 that f is the mean curvature flow having M as initial data, that is,
Therefore, it follows from the arbitrariness of t 0 that f is the mean curvature flow having M as initial data, that is, M g
Clearly we suffice to show the statement of Theorem A in the case where M is full. Hence, in the sequel, we assume that M is full. Denote by Λ the set of all principal curvatures of M . Set r := codim M . It is shown that the set of all focal hyperplanes of M is given as the sum of finite pieces of infinite parallel families consisting of hyperplanes in T ⊥ u 0 M which arrange at equal intervals. Let {l u 0 aj | j ∈ Z} (1 ≤ a ≤r) be the finite pieces of infinite parallel families consisting of hyperplanes in
arrange at equal intervals, we can express as
where λ a 's and b a 's are parallel sections of (T ⊥ M ) * and positive constants greater than one, respectively, which are defined by ((λ a )
aj . For simplicity, we set λ aj := λa 1+baj . Denote by n aj and E aj the curvature normal and the curvature distribution corresponding to λ aj , respectively. It is shown that, for each a, λ a,2j 's (j ∈ Z) have the same multiplicity and so are also λ a,2j+1 's (j ∈ Z). Denote by m e a and m o a the multiplicities of λ a,2j and λ a,2j+1 , respectively. Take a parallel normal vector field v of M with v u 0 ∈ C. Denote by A v (resp. H v ) the shape tensor (resp. the mean curvature vector) of the parallel submanifold M v . Since
where we use the relation cos θ+1
. Therefore we have (3.1)
where n a := n a0 .
Now we prove Theorem A.
Proof of Theorem A. In this proof, we use the above notations. Let X be the above vector field on C. From (3.1), we have
Denote byr ′ the cardinal number of the set {a | (
Clearly we have r + 1 ≤r ′ ≤r. By reordering {1, · · · ,r}, we may assume that this set is equal to {1, · · · ,r ′ }. Fix w 0 ∈ C and a 0 ∈ {1, · · · ,r ′ }. For simplicity, set
Therefore, we have lim submanifold of M and passes through ∂ C. From the above fact for X, we see that there exists a parallel submanifold M ′ of M such that the mean curvature flow M ′ t having M ′ as initial data converges to F in finite time. Then
is the mean curvature flow having M ′ as initial data and it converges to F in finite time. Thus the statement (i) is shown. Next we shall show the statement (ii). Assume that M is irreducible and the codimension of M is greater than one. Let M ′ and F be as in the statement (ii). Assume that the mean curvature flow having M ′ as initial data converges to F in finite time
, which is the mean curvature flow having M ′ as initial data. Denote by A t (resp. A t ) the shape tensor of
.
which together with (3.3) deduces (3.4) lim
and hence lim
Thus the mean curvature flow M ′ t has type I singularity.
) be all the eigenvalues of A t vt (resp. R(·,v t )v t ), where n := dim M . Since M is an irreducible equifocal submanifold of codimension greater than one by the assumption, it is homogeneous by the homogeneity theorem of Christ (see [Ch] ) and hence it is a principal orbit of a Hermann action by the result of Heintze-Palais-TerngThorbergsson (see [HPTT] ) and the classification of hyperpolar actions by Kollross (see [Kol] ). Furthermore, M and its parallel submanifolds are curvature-adapted by the result of Goertsches-Thorbergsson (see [GT] ). Therefore, A t vt and R(·,v t )v t commute and hence we have
in terms of Proposition 3.2 of [Koi1] and hence
It is clear that sup
which together with (3.4) deduces
Thus the mean curvature flow M ′ t has type I singularity. q.e.d.
Next we prove Theorem B.
Proof of Theorem B. For simplicity, set I := {1, · · · ,r}, wherer is as above. Let σ be a stratum of dimension greater than zero of ∂ C and I e σ := {a ∈ I | σ ⊂ (λ a ) −1 u 0 (1)}.
Let w ∈ σ and w be the parallel normal vector field of M with
) is a parallel normal vector field of M . Denote by F (resp. F ) the focal submanifold of M (resp. M ) for w (resp. w L ) and by A e F (resp. H e F ) the shape tensor (resp. the mean curvature vector) of F . Then we have
η e w * (E aj ) .
Also we have
where we identify
Hence we have
Denote by Φ u 0 +w the normal holonomy group of F at u 0 + w and L u 0 be the focal leaf through u 0 for w. Since
. Furthermore, from this fact, we have
Define a tangent vector field X e σ on σ by X e σ w := ( H e F ) u 0 +w (w ∈ σ). Fix w ∈ σ. Let ξ : [0, T ) → σ be the (maximal) integral curve of X e σ with ξ(0) = w, where T is possible to be equal to ∞. Since ξ(t) − w ∈ σ (⊂ T ⊥ u 0 +w F ), Φ u 0 +w preserves σ invariantly and it acts on σ trivially, ξ(t) − w extends to a parallel normal vector field of F . Denote by ξ(t) − w this parallel normal vector field and by ξ(t) − w := (π•φ) * ( ξ(t) − w), which is a parallel normal vector field of F . Also, denote by F ξ(t)−w the parallel submanifold of F for ξ(t) − w and by F ξ(t)−w the parallel submanifold of F for ξ(t) − w. Let F t (resp. F t ) be the mean curvature flow having F (resp. F ) as initial data. Then, by imitating the proof of Lemma 3.1, we can show F t = F ξ(t)−w and F t = F ξ(t)−w (t ∈ [0, T )). By using these facts and (3.5) and imitating the proof of the statement (i) of Theorem A, we can show the statement (i). Also, by imitating the proof of the statement (ii) of Theorem A, we can show the statement (ii).
q.e.d.
The mean curvature flows of orbits of Hermann actions
In this section, we describe explicitly the mean curvature flows of orbits of Hermann actions whose principal orbits are full and irreducible. Let G/K be a symmetric space of compact type and H be a symmetric subgroup of G. Also, let θ be an involution of G with (Fix θ) 0 ⊂ K ⊂ Fix θ and τ be an invloution of G with (Fix τ ) 0 ⊂ H ⊂ Fix τ , where Fix θ (resp. Fix τ ) is the fixed point group of θ (resp. τ ) and (Fix θ) 0 (resp. (Fix τ ) 0 ) is the identity component of Fix θ (resp. Fix τ ). We assume that τ
Denote by the same symbol θ (resp. τ ) the involution of the Lie algebra g of G induced from θ (resp. τ ). Set k := Ker(θ − id), p := Ker(θ + id), h := Ker(τ − id) and q := Ker(τ + id). The space p is identified with 
The orbit H(eK) is a reflective submanifold and it is isometric to the symmetric space H/H ∩ K (equipped with a metric scaled suitably). Also, exp ⊥ (T ⊥ eK (H(eK))) is also a reflective submanifold and it is isometric to the symmetric space L/H ∩ K (equipped with a metric scaled suitably), where exp ⊥ is the normal exponential map of H(eK). The system
Let Π be the simple root system of △ ′ + , and set
Then we have The set C is the fundamental domain of the Coxeter group of a principal P (G, H × K)-orbit (hence a principal H-orbit) and each prinicipal H-orbit meets C at one point and each singular H-orbit meets ∂C at one point. The focal set of the principal orbit
. By scaling the metric of G/K by a suitable positive constant, we have 
and
Hence the set PC f
where β is the parallel section of (T ⊥ M (Y 0 )) * with β u 0 = β • exp G (Y 0 ) −1 * . Also, we can show that the multiplicity of
Then we have
Denote by m βj the multiplicity of 
Define β ♯ (∈ b) by β(·) = β ♯ , · and let β ♯ Y 0 be the parallel normal vector field of
Substituting this relation into (4.3), we have (4.4)
Define a tangent vector field X on C by
From (4.4), we have (4.5)
In order to analyze the mean curvature flows having principal orbits of the H-actions as initial data, we have only to analyze this vector field X. By using (4.5), we can explicitly describe X for each Hermann action. Set
In order to analyze the mean curvature flows having singular orbits through σ of the H-action as initial data, we have only to analyze the vector field X e σ . Now we shall describe explicitly the above vector fields X and X e σ for some Hermann actions. We shall use the above notations. Example 1. We consider the isotropy action Sp(n) SU (2n)/Sp(n). Then, since △ ′ is equal to the root system of SU (2n)/Sp(n), it is of (A n−1 )-type and each of its roots is of multiplicity 4. We can describe b, △ ′ + , Π and δ as
where (e 1 , · · · , e n ) is the orthonormal base of R n and (β 1 , · · · , β n ) is the dual base of (e 1 , · · · , e n ). For simplicity, we set β ij := (β i − β j )| b (1 ≤ i < j ≤ n), I := {1, · · · , n} and I := {(i, j) ∈ I 2 | 1 ≤ i < j ≤ n}. Since we consider the isotropy action, we have
From (4.5), we can describe X explicitly as (4.8)
Take a stratum σ of ∂ C.
set I e σ i := {j ∈ I | (i, j) ∈ I \ I e σ or (j, i) ∈ I \ I e σ } (i = 1, · · · , n). Then, from (4.6), we can describe X e σ explicitly as (4.9)
x i e i ) ∈ σ).
According to (4.8), a principal orbit Sp(n)(Exp x) (x ∈ C) is minimal if and only if the following relations hold:
Also, according to (4.9), a singular orbit Sp(n)(Exp x) (x ∈ σ) is minimal if and only if the following relations hold:
cot(x i − x j ) = 0 (i = 1, · · · , n).
In the sequel, we consider the case of n = 3. By solving (4.10) under 0 < x i − x j < π ((i, j) ∈ I), we have (x 1 , x 2 , x 3 ) = ( 13 (π), respectively. For (k, l) ∈ I, by solving (4.11) (the case of σ = σ kl ) under 0 < x i − x j < π ((i, j) ∈ I \ I e σ kl ), we have
Therefore the orbits Sp(3)(Exp( π 6 (e 1 + e 2 − 2e 3 ))), Sp(3)(Exp( π 6 (2e 1 − e 2 − e 3 ))) and Sp(3)(Exp( π 2 (e 1 −e 3 ))) are the only minimal singular orbits through one dimensional stratums of ∂ C of the Sp(3)-action. Next we shall investigate the divergences div X and div X e σ kl of X and X e σ kl ((k, l) ∈ I). Take an orthonormal base {v 1 :=
y i v i . Then, from (4.8), we have
and hence
Therefore, since X has the only zero point, div X > 0 on C and X is as in Fig.1 over a collar neighborhood of σ kl ((k, l) ∈ I) (see the proof of Theorem A), all the integral curves of X through points other than its zero point π 3 (e 1 − e 3 ) converge to points of ∂ C in finite time. Similarly we can show div X e σ kl > 0 on σ kl ((k, l) ∈ I). Hence all integral curves of X e σ kl through points other than its zero point converge to points of ∂ σ kl in finite time. Therefore we obtain the following fact. Example 2. We consider the Hermann action SO(2n) SU (2n)/Sp(n). Since L/H ∩ K is equal to (SU (n) × SU (n))/SU (n), the cohomogeneity of this action is equal to the rank n − 1 of (SU (n) × SU (n))/SU (n). On the other hand, the rank of SU (2n)/Sp(n) also is equal to n − 1. Thus the cohomogeneity of this action is equal to the rank of SU (2n)/Sp(n). Hence a maximal abelian subspace b of p ∩ q is also a maximal abelian subspace of p and hence △ ′ is the root system of SU (2n)/Sp(n), it is of (A n−1 )-type and each of its roots is of multiplicity 4. Hence the quantities b, △ ′ + , Π and δ are given as in (4.7). Let β i , β ij , I and I be as in Example 1. Also, since △ ′ V is the root system of (SU (n) × SU (n))/SU (n), it is of (A n−1 )-type and each of its roots is of multiplicity 2. Hence we have △ ′ H + = △ ′ + and each of its roots is of multiplicity 2. Therefore we have
and (4.12)
Take a stratum σ of ∂ C. Let I e σ and I e σ i be as in Example 1, where
). Then, from (4.6), we can describe X e σ explicitly as
According to (4.12), a principal orbit SO(2n)(Exp x) (x ∈ C) is minimal if and only if the following relations hold:
(4.14)
Also, according to (4.13), a singular orbit Sp(n)(Exp x) (x ∈ σ) is minimal if and only if the following relations hold:
In the sequel, we consider the case of n = 3. By solving (4.14) under 0
). Therefore the orbit SO(6)(Exp( 
Therefore the orbits SO(6)(Exp( π 12 (e 1 + e 2 − 2e 3 ))), SO(6)(Exp( π 12 (2e 1 − e 2 − e 3 ))) and SO(6)(Exp( π 4 (e 1 − e 3 ))) are the only minimal singular orbits through one dimensional stratums of ∂ C of the SO(6)-action.
Next we shall investigate the divergences div X and div X e σ kl ((k, l) ∈ I). Take an
from (4.12), we have
Therefore, since X has the only zero point and X is as in Fig.1 over a collar neighborhood of σ kl ((k, l) ∈ I) by the proof of Theorem A, all the integral curves of X through points other than its zero point π 6 (e 1 − e 3 ) converge to points of ∂ C in finite time. Similarly we can show div X e σ kl > 0 on σ kl ((k, l) ∈ I). Hence all integral curves of X e σ kl through points other than its zero point converge to points of ∂ σ kl in finite time. Therefore we obtain the following fact. Example 3. We consider the isotropy action
, it is of (B p )-type and b, △ ′ + , Π and δ are described as (4.16)
where (e 1 , · · · , e p ) is the orthonormal base of b and (β 1 , · · · , β p ) is the dual base of (e 1 , · · · , e p ). For simplicity, we set β ij :
are of multiplicity 2(q − p) and 2β i 's (1 ≤ i ≤ p) are of multiplicity 1. Since we consider the isotropy action, we have
From (4.5), we can describe X explicitly as
x i e i ) ∈ C).
According to this relation, a principal orbit S(U (p) × U (q))(Exp x) (x ∈ C) is minimal if and only if the following relations hold:
In the sequel, we consider the case of p = 2. Then (4.17) is as follows:
, the equation (4.18) has the only solution, which we denote by (α 1 , α 2 ). Therefore the orbit S(U (2)×U (q))(Exp(α 1 e 1 +α 2 e 2 )) is the only minimal principal orbit of the S(U (2) × U (q))-action. Here we note that lim
). Denote by σ 1 , σ 2 and σ 3 one dimensional stratums of ∂ C which are contained in β −1 12 (0), β −1 2 (0) and (β 1 + β 2 ) −1 (π), respectively. Then we have
Hence the orbit S(U (2) × U (q))(Exp x) (x ∈ σ 1 ) is minimal if and only if 2 cot 2x 1 + (q − 2) cot x 1 = 0 (x 2 = x 1 ) holds, that is, (x 1 , x 2 ) = (arctan √ q − 1, arctan √ q − 1). Hence the orbit S(U (2) × U (q))(Exp(arctan √ q − 1(e 1 + e 2 ))) is the only minimal singular orbit through σ 1 . Also, the orbit S(U (2) × U (q))(Exp x) (x ∈ σ 2 ) is minimal if and only if q cot x 1 + cot 2x 1 = 0 (x 2 = 0) holds, that is, (x 1 , x 2 ) = (arctan √ 2q + 1, 0). Hence the orbit S(U (2) × U (q))(Exp(arctan √ 2q + 1e 1 )) is the only minimal singular orbit through σ 2 . Also, the orbit S(U (2) × U (q))(Exp x) (x ∈ σ 3 ) is minimal if and only if 2 cot 2x 1 + (q − 2) cot
) is the only minimal singular orbit through σ 3 .
Fig. 7.
Easily we can show div X > 0 (on C). Therefore, since X has the only zero point and X is as in Fig.1 over a collar neighborhood of σ i (i = 1, 2, 3) by the proof of Theorem A, all the integral curves of X through points other than its zero point converge to points of ∂ C in finite time. Also, we can show div X e σ i > 0 on σ i (i = 1, 2, 3). Hence all integral curves of X e σ i through points other than its zero point converge to points of ∂ σ i in finite time. Therefore we obtain the following fact.
Proposition 4.3. The mean curvature flow having any non-minimal principal orbit of the S(U (2)×U (q))-action (on SU (2+q)/S(U (2)×U (q))) as initial data converges to some singular orbit in finite time. Also, the mean curvature flow having any nonminimal singular orbit through exp ⊥ ( σ i ) of the S(U (2) × U (q))-action as initial data converges to one of two singular orbits through exp ⊥ (∂ σ i ) in finite time.
Example 4. We consider the isotropy action S(
, it is of (C p )-type and b, △ ′ + , Π and δ are described as (4.19)
where (e 1 , · · · , e p ) is the orthonormal base of b and (β 1 , · · · , β p ) is the dual base of (e 1 , · · · , e p ). For simplicity, we set β ij := β i − β j (1 ≤ i < j ≤ p), I := {1, · · · , p} and I := {(i, j) ∈ I 2 | 1 ≤ i < j ≤ p}. It is shown that β ij 's ((i, j) ∈Î) and β i + β j 's ((i, j) ∈Î) are of multiplicity 2 and 2β i 's (i ∈ I) are of multiplicity 1. Since we consider the isotropy action, we have
According to this relation, a principal orbit
is minimal if and only if the following relations hold:
In the sequel, we consider the case of p = 2. Then (4.20) is as follows:
Under 0 < x 1 − x 2 < π, 0 < x 1 + x 2 < π, 0 < 2x 1 < π and 0 < 2x 2 < π, the equation (4.21) has the only solution, which we denote by (α 1 , α 2 ). Therefore the orbit S(U (2) × U (2))(Exp(α 1 e 1 + α 2 e 2 )) is the only minimal principal orbit of the S(U (2) × U (2))-action. Denote by σ 1 , σ 2 and σ 3 the one dimensional stratums of ∂ C which are contained in β −1 12 (0), (2β 2 ) −1 (0) and (2β 1 ) −1 (π). Then we have
Hence the orbit S(U (2) × U (2))(Exp x) (x ∈ σ 1 ) is minimal if and only if cot 2x 1 = 0 (x 2 = x 1 ) holds, that is, (x 1 , x 2 ) = ( π 4 , π 4 ). Therefore the orbit S(U (2) × U (2)) (Exp( π 4 (e 1 + e 2 ))) is the only minimal singular orbit through σ 1 . Also, the orbit S(U (2) × U (2))(Exp x) (x ∈ σ 2 ) is minimal if and only if 2 cot x 1 + cot 2x 1 = 0 (x 2 = 0) holds, that is, (x 1 , x 2 ) = (arctan √ 5, 0). Therefore the orbit S(U (2) × U (2))(Exp(arctan √ 5e 1 )) is the only minimal singular orbit through σ 2 . Also, the orbit S(U (2) × U (2))(Exp x) (x ∈ σ 3 ) is minimal if and only if cot 2x 2 = 0 (x 1 = π 2 ) holds, that is, (x 1 , x 2 ) = ( π 2 , π 4 ). Therefore the orbit S(U (2) × U (2))(Exp( π 4 (2e 1 + e 2 ))) is the only minimal singular orbit through σ 3 .
Fig. 8.
Proposition 4.4. The mean curvature flow having any non-minimal principal orbit of the S(U (2) × U (2))-action (on SU (4)/S(U (2) × U (2))) as initial data converges to some singular orbit in finite time. Also, the mean curvature flow having any non-minimal singular orbit through exp ⊥ ( σ i ) of the S(U (2) × U (2))-action as initial data converges to one of two singular orbits through exp ⊥ (∂ σ i ) in finite time. Easily we can show div X > 0 (on C). Therefore, since X has the only zero point and X is as in Fig.1 over a collar neighborhood of σ i (i = 1, 2, 3) by the proof of Theorem A, all the integral curves of X through points other than its zero point converge to points of ∂ C in finite time. Also, we can show div X e σ i > 0 on σ i (i = 1, 2, 3). Hence all integral curves of X e σ i through points other than its zero point converge to points of ∂ σ i in finite time. Therefore we obtain the following fact.
Proposition 4.5. The mean curvature flow having any non-minimal principal orbit of the SO(q + 2)-action (on SU (q + 2)/S(U (2) × U (q))) as initial data converges to some singular orbit in finite time, where q > 2. Also, the mean curvature flow having any non-minimal singular orbit through exp ⊥ ( σ i ) of the SO(q + 2)-action as initial data converges to one of two singular orbits through exp ⊥ (∂ σ i ) in finite time.
Example 6. We consider the Hermann action SO(2p) SU (2p)/S(U (p) × U (p)). Since L/H ∩ K is then equal to SO(2p)/SO(p) × SO(p), the cohomogeneity of this action is equal to p (= rank(SU (2p)/S(U (p) × U (p)))). Hence a maximal abelian subspace b of p ∩ q is also a maximal abelian subspace of p and hence △ ′ is the root system of SU (2p)/S(U (p) × U (p)). Hence it is of (C p )-type and the quantities b, △ ′ + , Π and δ are as in (4.19). Let β i , β ij , I and I be as in Example 4. We have dim p β ij = dim p β i +β j = 2 ((i, j) ∈Î) and dim p 2β i = 1 (i ∈ I). Also, △ ′ V is the root system of SO(2p)/SO(p) × SO(p). Hence it is of (D p )-type and we have △ ′ V + = {β ij | (i, j) ∈Î} ∪ {β i + β j | (i, j) ∈Î} and dim(p β ij ∩ q) = dim(p β i +β j ∩ q) = 1 ((i, j) ∈Î). Hence we have △ ′ H + = △ ′ + and each root of △ ′ H + has multiplicity 1. Therefore we have According to this relation, a principal orbit SO(2p)(Exp x) (x ∈ C) is minimal if and only if the following relation holds:
(4.24) j∈I\{i} (cot 2(x i − x j ) + cot 2(x i + x j )) − tan 2x i = 0 (i ∈ I).
In the sequel, we consider the case of p = 2. Then (4.24) is as follows:
(4.25) cot 2(x 1 − x 2 ) + cot 2(x 1 + x 2 ) − tan 2x 1 = 0 cot 2(x 2 − x 1 ) + cot 2(x 1 + x 2 ) − tan 2x 2 = 0.
Under x 1 − x 2 > 0, x 1 + x 2 > 0 and x 1 < π 4 , the equation (4.25) has the only solution (x 1 , x 2 ) = ( 1 2 arctan √ 2, 0). Therefore the orbit SO(4)Exp( 1 2 arctan √ 2e 1 ) is the only minmal principal orbit of the SO(4)-action. Denote by σ 1 , σ 2 and σ 3 the one dimensional stratums of ∂ C which are contained in β −1 12 (0), (β 1 + β 2 ) −1 (0) and (2β 1 ) −1 ( π 2 ), respectively. Then we have X e σ 1 x = −2(cot 2(x 1 + x 2 ) − tan 2x 1 )e 1 − 2(cot 2(x 1 + x 2 ) − tan 2x 2 )e 2 X e σ 2 x = −2(cot 2(x 1 − x 2 ) − tan 2x 1 )e 1 − 2(cot 2(x 2 − x 1 ) − tan 2x 2 )e 2 X e σ 3 x = −2(cot 2(x 1 − x 2 ) + cot 2(x 1 + x 2 ))e 1 −2(cot 2(x 2 − x 1 ) + cot 2(x 1 + x 2 ) − tan 2x 2 )e 2 .
Hence the orbit SO(4)(Exp x) (x ∈ σ 1 ) is minimal if and only if cot 4x 1 = tan 2x 1 (x 2 = x 1 ) holds, that is, (x 1 , x 2 ) = ( π 12 , π 12 ). Therefore the orbit SO(4)(Exp( π 12 (e 1 + e 2 ))) is the only minimal singular orbit through σ 1 . Also, the orbit SO(4)(Exp x) (x ∈ σ 2 ) is minimal if and only if cot 4x 1 = tan 2x 1 (x 2 = −x 1 ) holds, that is, (x 1 , x 2 ) = ( Easily we can show div X > 0 (on C). Therefore, since X has the only zero point and X is as in Fig.1 over a collar neighborhood of σ i (i = 1, 2, 3) by the proof of Theorem A, all the integral curves of X through points other than its zero point converge to points of ∂ C in finite time. Also, we can show div X e σ i > 0 on σ i (i = 1, 2, 3). Hence all integral curves of X e σ i through points other than its zero point converge to points of ∂ σ i in finite time. Therefore we obtain the following fact.
Proposition 4.6. The mean curvature flow having any non-minimal principal orbit of the SO(4)-action (on SU (4)/S(U (2) × U (2))) as initial data converges to some singular orbit in finite time. Also, the mean curvature flow having any non-minimal singular orbit through exp ⊥ ( σ i ) of the SO(4)-action as initial data converges to one of two singular orbits through exp ⊥ (∂ σ i ) in finite time.
